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, $\mathrm{v}$ . Jones 1995 Aarhus
. , Jones .
v. $\mathrm{F}$ . $\mathrm{R}.$ Jones (1995 6 , )
$\hslash_{j},(i,j=0,1)$ von Neumann algebras , non-








, $A,B,C,D$ inclusion matrices . ( , inclusion
.) , basic construction ,
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( , $N\subset M\subset Ml.$ . . $P\subset Q\subset Q_{1}\cdots$ AFD $\mathrm{I}\mathrm{I}_{1}$ factors
inclusion matrices Perron-Frobenius . )
Jones , subfactor $N\subset M$ $P\subset Q$
, , – finite depth , - ,
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, paragroup . , paragroup flatness
, .
Jones ([S1], Corollary 22) $N\subset M\text{ }$ finite depth $P\subset Q$
finite depth .
, Jones 2 .
. , subfactor global index
. 2 subfactor , Jones index
, global index .
(global index) $\mathrm{I}\mathrm{I}_{1}$ subfactor $N\subset M$ , global index $[[M:N]]$
.
$[[M:N]]= \sum_{\mathrm{e}NX_{N}:\mathrm{i}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{u}\mathrm{C}\mathrm{i}\mathrm{b}1}(\dim_{N}x)(\dim x_{N})$
, $NXN$ subfactor N\subset M N-N bimodule .
Jones .
([S1], Corollary 2.5) $[[M:N]]=[[Q:P]]$ .
\S 2 $3^{\backslash },X\overline{\pi}$ TQFT $h\backslash l^{\backslash }\supset \mathrm{s}\mathrm{u}\mathrm{b}\mathrm{f}\mathrm{a}\mathrm{C}\mathrm{t}\mathrm{o}\Gamma\circ$ equivalence $\wedge$
, 2 subfactor 3 topological quantum field theory (3 TQFT)
. .
3 TQFT , 3 Hilbert
, functor . ,
, Atiya L\check , Turaev-Viro
, 3 3 , TQFT .
, Turaev-Viro 3 TQFT ? , index, finite depth $\mathrm{I}\mathrm{I}_{1}$ subfactor
Ocneanu . quantum
$6j$-symbol .
Subfactor 3 TQFT 3 ,
, global index . ( , 3
3 TQFT , . ) ,
non-degenerate commuting square , 2 subfactor , 3
, TQFT . – , canonical commuting square
, 2 subfactor 3 TQFT ,
. , .
([S2], Theorem 2.4) N\subset M TQFT $P\subset Q$
.
, non-degenerate commuting square
, 2 subfactor , .
, 2 index, finite depth subfactor opposite equivalent
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3 TQFT , ,
. , .
([S3], Definition 23) $A\subset B,$ $C\subset D$ index, finite depth $\mathrm{I}\mathrm{I}_{1}$ subfactor
. $A\subset B$ $C\subset D\text{ }$ equivalent , B-C bimodule , $A\subset B$
B-B bimodule, $C\subset D$ C-C bimodule, B-C, C-B bimodule
4 bimodule finite system , .
, 4 bimodule finite system , relative tensor product, contra-
gradient, irreducible decomposition , bimodule
, .
([S3], Definition 24) $A\subset B,$ $C\subset D$ index, Pnite depth $\mathrm{I}\mathrm{I}_{1}$ subfactor
. $A\subset B$ $C\subset D\text{ }$ opposite equivalent , $A\subset B$ $C^{\mathrm{o}\mathrm{p}\mathrm{P}}\subset D^{\mathrm{o}\mathrm{p}\mathrm{p}}$
equivalent , .
.
N\subset M AFD $\mathrm{I}\mathrm{I}_{1}$ factor inclusion , index , finite depth .
, 3 TQFT , fusion algebra , N-N bimodule
, M-M bimodule TQFT ,
. equivalent subfactor , AFD $\mathrm{I}\mathrm{I}_{1}$ subfactor $A\subset B$ $C\subset D$
, B-B, B-C, C-B, $C$-C 4 bimodule $\text{ }$ paragroup
, , A\subset B 3 TQFT C\subset D
, . , AFD $\mathrm{I}\mathrm{I}_{1}$ subfactor $A\subset B$ C\subset D
opposite equivalent , 3 TQFT . ( , AFD $\mathrm{I}\mathrm{I}_{1}$
subfactor A\subset B 3 TQFT , $A^{\mathrm{o}\mathrm{p}\mathrm{p}}\subset B^{\mathrm{o}\mathrm{p}\mathrm{p}}$ ,
.)
, equivalent subfactor .
1 R AFD $\mathrm{I}\mathrm{I}_{1}$ factor, $G$ , $H$ relatively simple
. \alpha R $G$ outer action . , $R\subset R\mathrm{x}_{\alpha}G$ , $R\mathrm{x}{}_{\alpha}H\subset R\mathrm{x}_{\alpha}G$
equivalent . , $R\subset R\mathrm{x}_{\alpha}G$ $R\cross_{\alpha}G- R\cross\alpha G$ bimodule
system $R\mathrm{x}_{\alpha}H\subset R\mathrm{x}_{\alpha}G$ Ocneanu Mackey machine
equivalent .
2 – , . N\subset M AFD $\mathrm{I}\mathrm{I}_{1}$ factor inclusion index
, finite depth . , $P$ intermediate subfactor . ,
P\subset M M-M bimodule fusion rule algebra , N\subset M
subalgebra , global index , $[[M:P]]\leq[[M:N]]$
. , global index , $[[M : P]]=[[M : N]]$
( , fusion rule algebra – . , global index
, N\subset M P\subset M equivalent .
3 $N\subset M\text{ }$ AFD $\mathrm{I}\mathrm{I}_{1}$ factor inclusion index , finite depth , fusion
graph . asymptotic inclusion $M\vee(M’\cap M)\infty\subset M_{\infty}$ ,
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subfactor $N\otimes N\subset M\otimes M$ equivalent . , asymptotic inclusion
$M\vee(M’\cap M_{\infty})- M\vee(M’\cap M)\infty$ bimodule ($\mathrm{O}$ system $kN\otimes N\subset M\otimes M\sigma$) $M\otimes M- M\otimes M$
bimodule equivalent ,
, opposite equivalent , non-degenerate commuting square
, paragroup
.
\S 1 non-degenerate commuting square $l-$ , paragroup
biunitary connection . , 4 (biunitary
connection ) . Biunitary connection commuting square
unitary , basic construction compatible .
string algebra construction , von Neumann algebra 2
AFD $\mathrm{I}\mathrm{I}_{1}$ factor ..
$A_{0,0}$ $\subset$ $A_{0,1}$ $\subset$ $A_{0,2}$ ... $\subset A_{0,\infty}=M_{0}$
$\cap$
$A_{1,0}$ $\subset$ $A_{1,1}$ $\subset$ $A_{1,2}$ ... $\subset A_{1,\infty}=M_{1}$
$\cap$










$Q_{0}=A_{\infty,0}$ $\subset$ $Q_{1}=A_{\infty,1}$ $\subset$ $Q_{2}=A_{\infty,2}$ . . .
, $M_{0}\subset M_{1}$ $Q\mathrm{o}\subset Q_{1}$ – finite depth . ([ $\mathrm{S}1$ , Corollary
2.2] , – Pnite depth .) Ocneanu compactness argument
[02, II.6] , M0\subset Ml “flat Part” ( $=\mathrm{h}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{e}\mathrm{r}$ relative commutants) $M_{0}’\cap Mk$
$k$ , $A_{k,0}$ . $M_{0}’$ $M_{k}$ $B_{k},$ $V_{k=\mathit{0}}^{\infty}MM0’\cap M_{k}$ $B_{\infty}$ .
.
$B_{0}$ $\subset$ $A_{0,\mathit{0}}$ $\subset$ $A_{0,1}$ $\subset$ $A_{0,2}$ ... $\subset$ $M_{0}$
$\cap$ $\cap$ $\cap$
$B_{1}$ $\subset$ $A_{1,0}$ $\subset$ $A_{1,1}$ $\subset$ $A_{1,2}$ .. . $\subset$ $M_{1}$
$\cap$ $\cap$ $\cap$




. ... .$\cdot$. .$\cdot$.
$\cap$ $\cap$
$B_{\infty}$ $\subset$ $Q_{0}$ $\subset$ $Q_{1}$ $\subset$ $Q_{2}$ ...
[S2, Theorem 2.4] , $B_{\infty}\subset Q_{1}$ $B_{\infty}- B_{\infty}$ bimodule system
$M_{0}\subset M_{1}$ $M_{0^{-M}0}$ bimodules system .
, subfactor $B_{\infty}\subset Q_{1}$ ( $M_{0}\subset M_{1}$ opposite equivalent .
, $[[Q_{1} : B_{\infty}]]=[[Q_{1} : Q_{0}]]$ , 2 , $Q_{\mathit{0}}\subset Q_{1}$ { $M_{0}\subset M_{1}$
opposite equivalent .
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\S 3 Commuting square
, $A\subset B$ $C\subset D$ , equivalent AFD $\mathrm{I}\mathrm{I}_{1}$ subfactor .
, commuting square . , D-C bimodule g{ C\subset D
C-D paragroup generator DDC , A-B bimodule $h$ A\subset B




, non-degenerate commuting square . ,
biunitary connection . String algebra construction ,
von Neumann algebra 2 AFD $\mathrm{I}\mathrm{I}_{1}$ factor .
, $A_{k,\mathrm{t}}=\mathrm{E}\mathrm{n}\mathrm{d}(\cdots\otimes\overline{g}\otimes g\otimes c^{*_{A}\otimes}h\otimes\sim\sim^{)}\overline{h}\cdots$ . ,
k z
$C^{*}A$ C-A bimodule CXA .
$A_{0,0}(=\mathrm{E}\mathrm{n}\mathrm{d}(_{C^{*}}A))$ $\subset$ $A_{\mathit{0},1}$ $\subset$ $A_{0,2}$ $\subset$ ... $\subset A_{0,\infty}=M_{0}$
$A_{1,0}$ $\subset$ $A_{1,1}$ $\subset$ $A_{1,2}$ $\subset$ ... $\subset A_{1,\infty}=M_{1}$
$\cap$
$(\star)$





$Q_{0}=A_{\infty,0}$ $\subset$ $Q_{1}=A_{\infty,1}$ $\subset$ $Q_{2}=A_{\infty,2}$ $\subset$ . . .
.
([S3], Theorem 33) $(\star)$ , 2 subfactor $M_{0}\subset M_{1},$ $Q_{0}\subset Q_{1}$
, $C^{\mathrm{o}\mathrm{p}\mathrm{p}}\subset D^{\mathrm{o}\mathrm{p}\mathrm{p}}$ $A\subset B$ .
. $A\subset B$ C\subset D equivalent .










$B_{-\mathit{2},1}$ $\subset$ $B_{-\mathit{2},2}$ $\subset$ $\subset$ $N_{-2}$
$B_{-1,0}$ $\subset$ $B_{-1,1}$ $\subset$ $B_{-1,\mathit{2}}$ $\subset$ $\subset$ $N_{-1}$
$C_{0,-1}$ $\subset$ $A_{0,0}$ $\subset$ $A_{0,1}$ $\subset$ $A_{0,2}$ $\subset$ ... $\subset$ $M_{0}$
$\cap$
$C_{1,-\mathit{2}}$ $\subset$ $C_{1,-1}$ $\subset$ $A_{1,0}$ $\subset$ $A_{1,1}$ $\subset$ $A_{1,\mathit{2}}$ $\subset$ ... $\subset$ $M_{1}$
$\cap$
$C_{\mathit{2},-2}$ $\subset$ $C_{2,-1}$ $\subset$ $A_{\mathit{2},0}$ $\subset$ $A_{2,1}$ $\subset$ $A_{\mathit{2},2}$ $\subset$ ... $\subset$ $M_{\mathit{2}}$
’.. .$\cdot$. .$\cdot$. ... .$\cdot$. .$\cdot$.
$P_{-2}$ $\subset$ $P_{-1}$ $\subset$ $Q_{0}$ $\subset$ $Q_{1}$ $\subset$ $Q_{\mathit{2}}$ $\subset$ ...
, $M_{0}\subset M_{1}$ finite depth , $N_{-1}\subset M_{1}$
ladder .
$B_{-1,0}(=\mathrm{E}\mathrm{n}\mathrm{d}(A*_{A}))$ $\subset$ $B_{-1,1}$ $\subset$ $B_{-1,2}$ $\subset$ $\subset$ $N_{-}$
$\cap$ $\cap$ $\cap$
$A_{1,0}$ $\subset$ $A_{1,1}$ $\subset$ $A_{1,2}$ $\subset$ ... $\subset$ $M_{1}$






commuting square biunitary connection A*A-flat ,
, $N_{-1}\subset M_{1}$ principal graph $B_{-1,2n}\subset A_{1,2n}\text{ }n$ Bratteli
diagram . finite graph , $N_{-1}\subset M_{1}$ finite depth .
, AFD $\mathrm{I}\mathrm{I}_{1}$ factor gl $N_{-1}\subset M_{1}$ intermediate subfactor , D. Bisch $[\mathrm{B}$ ,
Theorem 26] , $M_{0}\subset M_{1}$ finite depth .
S. Popa index strongly amenable subfactor [$\mathrm{P}$, Theorem 2]
, , , $C_{n,-2}=M_{1}’\cap M_{n}$ ,
$C_{n,-1}=M_{\mathit{0}}’\cap M_{n},$ $B_{-\mathit{2}},n=Q_{1}^{J}\cap Q_{n},$ $B-1,n=Q_{\mathit{0}}J\cap Q_{n}$ , . ,
, $M_{0}\subset M_{1}$ .
, $n\geq 1$ , $C_{n,-2}\subset M\text{\’{i}}\cap M_{n}$ Ocneanu
compactness argument [O2, II.6] . , $N_{-1}\subset M_{1}$ $M_{1^{-}}M_{1}$
bimodule system , $C\subset D$ D-D bimodule – ,
$C_{n,-\mathit{2}}$ inclusion Perron-Frobenius $M_{1}’\cap M_{n}$
$\beta$ ( $=$ Perron-Frobenius ) . , $\beta=1$
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. , global index – $[[M_{1} : N_{-1}]]=[[D : C]]$
. $(\star)$ biunitary connection I A*A-flat
, $[[M_{1} : N_{-1}]]=[[B : A]]$ , $A\subset B$ $C\subset D$ equivalent ,
$[[B : A]]=[[D : C]]$ . , $[[M_{1} : N_{-1}]]=[[D : C]]$ . ,
$c_{n,-1}=M’1\cap M_{n}$ . $C_{n,-2}=M_{0’}\cap M_{n}$ $\square$
\S 2 , .
([S3], Remark 3.4) $A\subset B,$ $C\subset D$ index , finite depth AFD $\mathrm{I}\mathrm{I}_{1}$ subfactor
. $A\subset B$ C\subset D opposite equivalent , $A\subset B$ , C\subset D
non-degenerate commuting square basic construction subfactor
.
, , [S3]
$\mathrm{a}$ . , equivalent subfactor , “quantum Galois
correspondence” . .
.
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